Let F be a number field and f ∈ F [x 1 , . . . , x n ] \ F . To any completion K of F and any character κ of the group of units of the valuation ring of K one associates Igusa's local zeta function Z K (κ, f, s). The holomorphy conjecture states that for all except a finite number of completions K of F we have that if the order of κ does not divide the order of any eigenvalue of the local monodromy of f at any complex point of f
\ {f = 0}) = 0, we can conclude that the holomorphy conjecture is true for an arbitrary homogeneous polynomial in three variables.
We also prove the so-called monodromy conjecture for a homogeneous polynomial f ∈ F [x 1 , x 2 , x 3 ] with χ(P 2 C \ {f = 0}) = 0. 0. Introduction. 0.1. Let K be a finite extension of the field Q p of p-adic numbers, R K the valuation ring of K, P K the maximal ideal of R K , π a fixed uniformizing parameter for R K , and K = R K /P K the residue field of K with cardinality q. For z ∈ K, ord π z ∈ Z ∪ {+∞} denotes the valuation of z, |z| = q −ordπz and ac(z) = zπ −ordπz is the angular component of z.
Let f (x) ∈ K[x], x = (x 1 , . . . , x n ), be a nonconstant polynomial and κ a character of R for (s) > 0, where |dx| denotes the Haar measure on K n , normalized such that R n K has measure 1. Replacing R n K by P n K we analogously define Z K 0 (κ, f, s). Igusa [7] showed that they are rational functions of q −s . 0.2. We can write Z K (κ, f, s) and Z K 0 (κ, f, s) in terms of an embedded resolution h K : Y K → A n (K) of f −1 {0} in A n (K), see Theorem 1.5.1. Let E K j , j ∈ T K , be the (reduced) irreducible components of (h K ) −1 (f −1 {0}), and let N j be the multiplicity of E K j in the divisor of f • h K on Y K . Then Theorem 1.5.1 implies that when the order of κ divides no N j at all, the zeta functions Z K (κ, f, s) and Z K 0 (κ, f, s) will be holomorphic on C. Now the N j are not intrinsically associated to f −1 {0}; but the order (as root of unity) of any eigenvalue of the local monodromy on f −1 {0} divides some N j , and those eigenvalues are intrinsic invariants of f −1 {0} (see (1.6) ). This observation inspired Denef [2, Conjecture 4.4.2] to propose the following. 
0.4. Remark. Denef also formulated this conjecture for Z K 0 (κ, f, s) and for a generalization of those two involving a Schwartz-Bruhat function, i.e., a locally constant function with compact support.
0.5.
The second author showed in [10] that this conjecture is true for curves, i.e., for f ∈ F [x 1 , x 2 ]. In this paper we consider the case of a homogeneous polynomial f , but in an arbitrary number of variables; thus f ∈ F [x 1 , . . . , x n ]. Remark that for such f we can consider {f = 0} ⊆ P n−1 C . Under the condition that χ(P n−1 C \ {f = 0}) = 0 we will prove the holomorphy conjecture for f . (Here χ(·) denotes the topological EulerPoincaré characteristic.) If this condition is not fulfilled we will formulate a sort of 'projective holomorphy conjecture' implying Conjecture 0.3 as we will prove in Theorem 3.5. Important is that with this projective version of the holomorphy conjecture we actually drop the dimension by one. This will enable us to prove the holomorphy conjecture for an arbitrary homogeneous polynomial in three variables by reducing the problem to the situation of curves. We will also prove all these results for the so-called topological zeta function (see (2. 3) for the definition of this function).
In the last section we will prove the monodromy conjecture for a homogeneous polynomial f in three variables (under the condition that χ(P 2 C \ {f = 0}) = 0) . This conjecture roughly states that if s 0 is a pole of Z K (κ, f, s), then exp(2π √ −1 (s 0 )) is an eigenvalue of the local monodromy of f at some complex point of f −1 {0}.
Explicit formulas.
1.1. In this section we will construct some embedded resolutions playing the key role in the proof of our results. We will also state some general formulas for Igusa's local zeta function and for eigenvalues of the local monodromy of f in terms of those embedded resolutions. Then we can write f = i∈Ts f N i i , where each f i is an irreducible homogeneous polynomial over F and f i corresponds with E i (i ∈ T s ) in the obvious way. Let P be the divisor of f on P, i.e., P = div f = i∈Ts N i P i , with 
Let
In particular when
Remark that Y is the disjoint union of the E • I .
1.3.
For any field extension L of F we can take the base extension of the resolution (Y, ϕ). The result will be an embedded
If there is any danger of confusion we will include the field L in the notation of (1.2) and thus
where
1.4. Now we can start our construction of a suitable embedded resolution of f −1 {0} in A n (F ).
1.4.1.
First consider the blowing-up π : V → A n (F ) of A n (F ) with center the origin. Denote the strict transform of f −1 {0} in V with f −1 {0} and the inverse image of the origin (by π) with E 0 . Remark that E 0 ∼ = P. Using the crucial ingredient that f is homogeneous the following facts are not difficult to verify:
Then we can find an embedded resolution (
over F by combining the point-centered blowing-up π with the resolution of (1.2), taking into account the product with A 1 pointed out in (ii) of (1.4.1).
, where E i is a (reduced) irreducible component of the exceptional divisor for i ∈ T e and of the strict transform of
are called the numerical data of the resolution (Y, h). For i ∈ T and I ⊆ T we denote E
• i := E i \ j =i E j , E I := i∈I E i and E • I := E I \ j∈T \I E j .
1.4.3.
If E 0 also denotes the strict transform of E 0 in Y (remark that 0 ∈ T e in this situation), then the following remarks are easy consequences of the homogeneity of f and the choice of our embedded resolution (Y, h):
is canonically isomorphic to one of the components E j with j ∈ T . This will give us a bijection between T \ {0} and T , so from now on we will assume T = T \ {0}. (ii) Under this identification of T with T \{0} also T e and T s coincide with respectively T e \ {0} and T s , and corresponding N i and ν i will be the same. (iii) The second fact of (1.4.1) will also hold for
The numerical data of E 0 are N 0 = deg f and ν 0 = n; and h −1 {0} = E 0 .
1.4.4.
In the same way as in (1.3) we can extend everything in (1.4) to any field extension L of F .
Remark.
From now on we associate to any homogeneous polynomial the embedded resolutions and other notations of (1.2)-(1.4). 
, 
where C K I,κ is a certain constant.
By adapting the proof of Theorem 7 in [5] we easily find that under the same conditions as in (1.5.2)(ii)
Although we stated the two theorems above only for a homogeneous polynomial, Theorem 1.5.1 also holds for an arbitrary polynomial. But Theorem 1.5.2 is specific for the homogeneous case.
1.6.
We now remind the definition of local monodromy [9] . , C) for q = 0, . . . , n − 1.
1.6.1. Remark. In the same way as in (1.4.2) we associate to an arbitrary embedded resolution of g −1 {0} in A n (C) the notations of that section. Now fix such an embedded resolution.
1.6.3.
In particular if b is the origin and if g is homogeneous, then (1.4.3)(iv)
. This assertion is also classically known and follows for example from [9, Section 9].
2. Holomorphy conjecture for homogeneous polynomials.
2.1.
In this section we will use the embedded resolutions of Section 1 to provide in arbitrary dimension an easy proof of the holomorphy conjecture for homogeneous polynomials under the additional characteristic-assumption mentioned before in the introduction. In the next section we will treat the case in which this assumption is not fulfilled. deg f is an eigenvalue of the local monodromy of f at the origin. From the conditions in the holomorphy conjecture we find that the order of the character κ does not divide deg f , which gives us the result by Theorem 1.5.2(i).
Now we introduce the so-called topological zeta function Z (r)
top (g, s), which is associated to g ∈ C[x 1 , . . . , x n ] and r ∈ N \ {0} by Denef and Loeser [4, Section 3] . With the notations from remark (1.6.1) we have that
. When g is homogeneous it will easily follow from the proof of Theorem 2.4 that Z g, s) . So from now on we just have to deal with one of them. We can also formulate a holomorphy conjecture for this topological zeta function. Proof. Let r ∈ N\{0} such that r does not divide the order of any eigenvalue of the local monodromy of f at any point of f −1 {0}. As in the previous proof we find that r does not divide deg f , so with the notations of Section 1 the topological zeta function reduces to \ {f = 0}) = 0 for the homogeneous polynomial f in question, we are still able to prove the holomorphy conjecture by assuming a sort of 'projective holomorphy conjecture in P n−1 '. For n = 3 this will actually give us a tool to prove the holomorphy conjecture by using the fact that the holomorphy conjecture is true for curves. (See [10] .)
3.2.
Suppose that K is the completion of a number field F with respect to some maximal ideal of its ring of integers and that κ is a character of R × K of order d such that d divides deg f and κ is trivial on 1 + P K . We define the projective local zeta function associated to f and κ to be
By Theorem 1.5.2(ii) we have, using the notations of Section 1, that
for almost all fields K and all characters κ as above. By comparing this expression with Theorem 1.5.1(ii) the underlying inspiration for this definition should be clear.
3.3.
Under the holomorphy conjecture for Z K proj (κ, f, s) we understand: For almost all fields K and for all characters κ as in (3.2) we have the following. If the order of κ does not divide the order of any eigenvalue of the (complex) local monodromy of any f j at any complex point of f
Here f j denotes the polynomial you get by putting x j = 1 in the homogeneous polynomial f . Before stating the next theorem we formulate a lemma that we will need in its proof. Proof of Theorem 3.5. By Theorem 1.5.1(i) and Theorem 1.5.2(i) we may assume that κ is trivial on 1 + P K and that the order d of κ divides deg f . So we let K and κ be as in (3.2) .
Suppose that the order of κ divides the order of some eigenvalue λ of the local monodromy of some f j at some point b of f −1 j {0}. Then by Lemma 3.4 we may assume that λ is a zero or a pole of the alternating product of the characteristic polynomials of the monodromy action on H i (M (f j ,b) , C) for i = 0, . . . , n − 2. Now, using Theorem 1.6.2 and the construction in (1.4) (especially the results of (1.4.3)), it is not hard to find a point c (different from the origin) of f −1 {0} such that the product above equals the alternating product of the characteristic polynomials of the monodromy action on H i (M (f,c) , C) for i = 0, . . . , n − 1. So λ will also be an eigenvalue of the local monodromy of f at c.
We can conclude that the condition in the holomorphy conjecture (for , s) ) implies the condition in the holomorphy conjecture for Z K proj (κ, f, s), and hence by assumption that
is a rational function in q −s (of non-positive degree), this yields that Z K proj (κ, f, s) is constant as function of s, and more concretely
From (1.5.3) and (3.2) we find that
which is of degree zero (as rational function in q −s ) if C K ∅,κ is different from zero. But since Theorem 1.2 in [3] says that for almost all completions K of F the degree of Z K 0 (κ, f, s) has to be strictly negative, we can conclude that C K ∅,κ = 0 and so that Z K (κ, f, s) = 0 (and of course also that Z K 0 (κ, f, s) = 0). top,proj (f, s)). Take for the embedded resolution (Y F , ϕ F ) of (1.2) the (scheme-theoretical) canonical embedded resolution of D F in P F . By restricting we get the canonical embedded resolution of f −1 j {0} in A 2 (F ) for any j ∈ {1, 2, 3}, so we can use on every affine chart the same arguments as in the proof of the holomorphy conjecture for curves [10] . By noting that the number N i of an irreducible component of the strict transform does not change by passing to an affine chart, the proof of Theorem 3.7 is done.
The monodromy conjecture.

4.1.
Under the usual characteristic-assumption we will show in this section how to prove the so-called monodromy conjecture of Igusa for an homogeneous polynomial in three variables using mainly the same ideas as in the proof of Theorem 3.7. . Then E C j will also be an exceptional curve of the restriction of ϕ C to some affine chart, which is in fact the canonical embedded resolution of f −1 k {0} in A 2 (C) for some k ∈ {1, 2, 3}. Now it is known, see for example [8] , that then exp(2πi (s 0 )) is an eigenvalue of the local monodromy of f k at some point of f 
